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Language of words live in free monoids:

o} o} e}

This talk is about languages that live in free strict monoidal
categories:
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| shall focus on the case of context-free languages of string di-
agrams, which capture context-free languages of words, trees, T L
hypergraphs, etc. e - .
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Example: context-free grammars
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Example: context-free tree grammars
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[3) Rounds, 1969
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Example: context-free hypergraph (HR) grammars
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[2) Bauderon and Courcelle, 1987 [3) Habel, 1992
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Example: context-free grammar of unbraids
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Context-free grammars
Idea ([ Mellies and Zeilberger, 2023; Walters, 1989)
A context-free grammar is a morphism of multigraphs.

A multigraph or species comprises sets of sorts S, generators G and functions,
s*&G6h s

R,

R:z

Ry

Multigraphs are to multicategories ([2) Lambek, 1969) as graphs are to categories.
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Multicategory of spliced morphisms

For C a category, there is a multicategory WC with:

m Objects: pairs of objects of C, denoted 2

m WC(;{) := C(X;Y),

B WC(3, ..., 85 %) = C(X; A1) x [/ C(Bj; Ais1) x C(By; Y),
B composition, splicing into holes using composition in C

OqFA; B;HooA, ... B0,
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Context-free languages 4 la Mellies and Zeilberger, 2023; Walters, 1989
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Context-free languages 4 la Mellies and Zeilberger, 2023; Walters, 1989

M —2 . |uC|

M —Y . we

Language of the grammar: ®*[FM(; S)] C WC(; [) := C(/; F)
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Contour - Splice

Theorem ([S) Mellies and Zeilberger, 2023)

W : Cat — MultiCat has a left adjoint C : MultiCat — Cat given by contours.
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Contours provide a structural notion of linearization of derivation trees.
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Chomsky-Schiitzenberger-Mellies-Zeilberger representation theorem
Theorem ([Z] Chomsky and Schiitzenberger, 1963) Every context-free language arises
as the image of the intersection of a regular language and a Dyck language.

e
e 8
)

((OMO)

Theorem ([ Mellies and Zeilberger, 2023) Every context-free language of morphisms
in a category arises as the functorial image of the intersection of a regular language in
a category and a (C-chromatic) tree contour language
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Towards context-free monoidal grammars

What is an appropriate notion of multicategory of contexts in a monoidal category?
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Symmetric multicategory of diagram contexts, C
For a monoidal category C we freely add holes of each type

l—id:§ Ff: \)511’\)5; X :él— 5% :’g,
TEt:g Abt: B ¥ € Shuf(T; A)
Wkt

MEn:g  Abn:g  WesShuf(l;A)

VEn®ty: gl

Derivable judgements I I f : 4 are diagram contexts f : T — §

1T
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Context-free monoidal grammars

A context-free monoidal grammar over a strict monoidal category (C,®,/) is a
morphism of (symmetric) multigraphs W as below, where G is finite, and a start sort

Seg.

Choosing appropriate monoidal categories, we get the examples shown previously.
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Raw contexts, Raw(C)

Do we have a left adjoint to forming diagram contexts? Not quite...

[hf-4 wowh ]
| . (S ; ot l—n ] o] , [asimte sy,
NN NN

Raw(C) — C

Proposition

Taking raw contexts in a monoidal category extends to a functor
Raw : MonCat — MultiCat.
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Optical contour

Theorem
Raw : MonCat — MultiCat has a left adjoint, given by the optical contour of a
multicategory,

OptC : MultiCat — MonCat

A B
M ~— M | M
A AN— 6,0 B B
@ N, N1/p ~N, | N, @
P
YL YR
Y
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A representation theorem for context-free languages of string diagrams
[2 M. E. and Sobociriski, 2022 introduced regular languages of string diagrams.

........... P,
e —
gt SR gt Pg aL SR P; SR
SL PQB PZB @ PZ’I PZ’| SR

I

Every context-free language of string diagrams arises as the image of a regular
language of string diagrams under a monoidal functor.
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